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Original scientific paper 
Process of production planning and control has been treated as a process influencing the management as well as adaptibility and flexibility of a business 
system in the conditions of major and intensive changes. This necessarily asks for the need of correction and adjustment of production plans and 
application of optimization methods and techniques, in order to provide a continuous adjustment of an enterprise to the needs of the environment and its 
own state. Mathematical basis of flexible planning and control is given, which among other things indicates the need of adapting the optimization methods 
to actual conditions in the production system and its environment through simulation techniques Model of discrete corrective dynamizing optimization is 
presented and tested where the dynamising programming is used as the starting optimization method, while the simulation is applied as an additional 
technique for the optimization of the basic operational production plan correction. 
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Fleksibilna optimizacija u procesu planiranja i praćenja proizvodnje 
 
Izvorni znastveni članak 
Planiranje i praćenje proizvodnje tretirano je kao proces s utjecajem na upravljanje te prilagodljivost i fleksibilnost poslovnog sustava u uvjetima većih i 
intenzivnih promjena. To nužno uvjetuje potrebu korekcija i usklađivanja planova proizvodnje uz primjenu metoda i tehnika optimizacije, a u funkciji 
kontinuiranog prilagođavanja poduzeća potrebama okoline i svojem stanju. Data je matematička osnova prilagodljivog planiranja i praćenja koja između 
ostalog ukazuje na potrebu prilagođavanja metoda optimizacije stvarnim uvjetima u proizvodnom sustavu i njegovom okruženju primjenom tehnike 
oponašanja. Predstavljen je i testiran model diskretnog korektivnog dinamizirajućeg optimiranja gdje je korišteno dinamizirajuće programiranje kao 
polazna metoda optimizacije, a oponašanje kao dodatna tehnika za optimizaciju korekcije osnovnog operativnog plana proizvodnje. 
 





It is a known fact that today’s available methods and 
optimization techniques set conditions and restrictions 
that almost always more or less deviate from the actual 
issues of the problem being solved. Therefore, it is 
considered to set up the models of treatment of the system 
and its processes which are based on logical and empirical 
knowledge. In this way and with the inclusion of the 
specific features of each system can be achieved a greater 
degree of realization of chosen optimal solutions during 
their implementation in practice [1, 2, 3]. 
Another reason in favour of the modelling of systems 
and processes before optimizing future solutions for 
production plans, is that this provides better choice and 
better optimization of solutions. This should be done not 
only by relying on the established base and principles in 
previous periods, but also by using the data from current 
situation in the system and its environment, with bigger or 
smaller connection with the previously established rules 
and parameters. 
Modelling of the planning and control process should 
define planning periods for a production/business system, 
frequency and time periods when plans should be 
modified and aligned. After that, optimization of planning 
and control may ensure that the interests of the system are 
realized to the greatest possible extent, by realizing the set 
plans with optimal flexibility and by meeting the needs of 
the environment. 
Flexible planning and control can serve as a general 
model and the starting point for modelling of the planning 
and control process for individual cases, because it can 
connect mathematical optimization methods and practical 
developments in the form of changes in the system and 
the environment during realization. The basic principle of 
flexible planning and control is based on periodic 
harmonization of components and activities relating to all 
levels of operational plans. 
Each of them is corrected and adjusted to the changes 
occurring during the phase of their lower plans for the 
next planning period, not necessarily in line with calendar 
time. This should be done so that they are treated in 
timely manner and so that minimum deviation from, or 
even an increase of, the planned results is ensured. In this 
way, flexible planning and control combines theoretical 
basis and practical conditions for optimization of 
production/business activities. 
Flexible planning and control, together with some of 
the methods and techniques of production programming, 
should be a model of adaptable planning and production 
control which would help find optimal plans and optimal 
planning and control process. This should be done so that 
changes, disturbances and risks in the system and its 
environment are dealt with to the greatest extent possible 
and that solutions, with necessary corrections, are 
optimized for these situations to ensure adaptability and 
flexibility of the production system. 
In other words, it is necessary to find a model of 
planning and control that can be adapted, to the greatest 
extent possible, to the real, current conditions in the 
system and its surroundings in an optimal way. In 
practice, there are always larger or smaller disruptions 
and changes resulting in deviations in realization with 
respect to optimally planned results. Standard methods 
and optimization techniques are not designed in a way 
that allows flexibility and adaptability of the production 




Flexible optimization in the process of planning and production control                                                                                                                                                 B. Gordić 
1088                                                                                                                                                                                                    Technical Gazette 24, 4(2017), 1087-1094 
2   Criteria of optimization 
 
To create an optimization model of planning and 
control, it is necessary to know which criteria and 
standards will be used for the optimization. Using 
individual criteria facilitates the application of 
mathematical methods and optimization techniques, but 
also shows that different criteria for optimization produce 
different results, and sometimes these are significantly 
different [7]. This shows that it is necessary to use 
synthetic criteria, put together using the appropriate 
algorithm and several individual criteria, thus advising 
that the synthetic criteria of optimization should consist of 
2 to 4 individual criteria. 
Each production system aims to achieve the greatest 
possible cost effectiveness of production and business 
activities, i.e., the biggest possible difference between 
revenues and costs. At the same time, it has to be realized 
with higher volume of production, that is, of revenue, and 
better capacity utilization, implying that market needs 
have to be met to a greater extent. With so established 
goals, a relatively simple solution seems to be the 
synthetic criterion for successfulness of production–
business UP, defined according to the Eq. (1) 
 
𝑈𝑈𝑈𝑈 = 𝐼𝐼𝐼𝐼 · 𝑈𝑈𝑃𝑃                                                                          (1) 
 
where: 𝐼𝐼𝐼𝐼 - capacity utilization (measured as decimal 
expression of percentage); 𝑈𝑈𝑃𝑃 - profit rate (measured as 
decimal expression of percentage). 
In this way, financial and material criteria are 
combined because capacity utilization IK shows indirectly 
how much the volume of production is realized as 
revenue on the market and how rationally the production 
capacity is developed. The profit rate indicates a relation 
between income and expenses, showing operational and 
financial successfulness of the production system. 
In addition, it is a known fact that greater and more 
continuous use of capacity provides greater stability and 
reliability of the production, implying that the quality of 
products is less likely to decline and thus also cutting 
back the production costs and providing better 
depreciation of machinery and equipment. In addition, it 
should be noted that the term capacity means all available 
capacities which a production system has at its disposal, 
or if it uses capacities of third parties. 
 
3 Dynamic programming 
 
Due to the increasing changes in the environment, it 
is certain that some of the mathematical models of 
dynamic programming should be used as a method and 
optimization technique in the process of planning and 
control, because time is an important factor for the issues 
of planning and control. 
Dynamic programming requires the process control 
which is gradual and conducted over a period of time and 
in several stages, in such a manner that the planning 
optimization for a larger number of periods – stages takes 
place in several steps that precede the end, as it is shown 
in Fig. 1. 
If the indicator Φ is taken as a criterion of dynamic 
programming in production system S for a period T, and if 
the system is operated over time through solution U, it 
raises the issue of choice of Ut by periods t in order to 
achieve a maximum or a minimum of Φ. 
In case of planning, this means determining plans P1, 
P2,…, Pk for the period T, which consists of m 
periods/stages. If the 𝑥𝑥𝑖𝑖𝑖𝑖  solution is given for i period and 
Pi plan, then the vector in Eq. (2) is solution Pi. 
 
𝑋𝑋(𝚤𝚤𝚤𝚤)��������⃗ = (𝑥𝑥𝑖𝑖1, 𝑥𝑥𝑖𝑖2, . . . . . . . 𝑥𝑥𝑖𝑖𝑖𝑖)                           (2) 
 
Vectors 𝑋𝑋1����⃗ , 𝑋𝑋2����⃗ , …, 𝑋𝑋𝑖𝑖����⃗  correspond to a set of 
solutions 𝑈𝑈1, 𝑈𝑈2, …, 𝑈𝑈𝑖𝑖  and define function Φ, which 
needs to be maximized or minimized, according to the Eq. 
(3) 
 
Φ = Φ (𝑈𝑈1, 𝑈𝑈2, . . . . . 𝑈𝑈𝑖𝑖)                         (3) 
 
Looking at the production system S, of all possible 
states 𝑆𝑆𝑡𝑡 by periods t attention should be paid to the initial 
𝑆𝑆𝑠𝑠𝑡𝑡𝑠𝑠𝑠𝑠𝑡𝑡 and final 𝑆𝑆𝑒𝑒𝑒𝑒𝑒𝑒  state wherein for each, both at the 
beginning and at the end there are more options, as it is 
shown in Fig. 1. The task of dynamic programming is to 
find the optimal solution U* from the set of solutions U, 
which the system S converts to a final solution 𝑆𝑆𝑒𝑒𝑒𝑒𝑒𝑒
(𝑒𝑒)  from 
the initial conditions 𝑆𝑆(0) in stages and periods, by means 
of optimizing Φ. 
In essence, dynamic programming represents 
management by stages, i.e. solving tasks in which each 
stage/period requires making appropriate decisions. They 
basically do not have to be optimal for each stage, since 
the goal is complete optimality of the whole treated 
period.  
When performing k step of the operation, step (k−1) 
is uncertain, and this stage assumes a range of solutions 
marked according to the Eq. (4) 
 
𝑆𝑆𝑖𝑖−1
(1) ;     𝑆𝑆𝑖𝑖−1
(2) ;     . . . . . . . . ;     𝑆𝑆𝑖𝑖−1
(𝑖𝑖)                       (4) 
 
For each solution in Eq. (4), it is necessary to 
determine the decision in k step 𝑈𝑈𝑖𝑖, which then becomes 
one of the following decisions by the Eq. (5) 
 
𝑈𝑈𝑖𝑖(𝑆𝑆𝑖𝑖−1
(1) );   𝑈𝑈𝑖𝑖(𝑆𝑆𝑖𝑖−1
(2) );    . . . . . . . . ;   𝑈𝑈𝑖𝑖(𝑆𝑆𝑖𝑖−1
(𝑖𝑖) )        (5) 
 
Now every solution 𝑆𝑆𝑖𝑖−1
(𝑖𝑖)  depends on the solution 
made in (k−2) step, whereby possible solutions for this 
step are given in the Eq. (6) 
 
𝑆𝑆𝑖𝑖−2
(1) ;     𝑆𝑆𝑖𝑖−2
(2) ;     . . . . . . . . ;     𝑆𝑆𝑖𝑖−2
(𝑖𝑖)                       (6) 
 
so the decision 𝑈𝑈𝑖𝑖−1 according to the Eq. (6) should be 




(2) );   . . . . ;     𝑈𝑈𝑖𝑖−1(𝑆𝑆𝑖𝑖−2
(𝑖𝑖) )        (7) 
 
If this continues further, one encounters the first step 
which contributes by its decision or solution in reaching 
an optimal total solution. 
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4  Discrete corrective dynamizing optimization 
 
One way to obtain dynamics in production plans’ 
programming in the sense of adaptability is to use flexible 
planning and control by using the linear programming 
method. In the sense of flexibility, such a model can be 
called dynamizing programming, of which the 
schematic presentation is given in Fig. 2. 
 
 
Figure 1 Schematic representation of the general settings for dynamic programming 
 
Regarding the model of dynamizing programming, in 
the case when the basic plan is a monthly plan and the 
first higher level plan is a quarterly plan, three monthly 
plans of one quarter 𝑈𝑈𝑖𝑖 , 𝑈𝑈𝑖𝑖+1 and 𝑈𝑈𝑖𝑖+2 are optimized, and 
by linear programming in accordance with the upper and 
lower limits of demand 𝑄𝑄𝑖𝑖𝑖𝑖
𝑔𝑔  and 𝑄𝑄𝑖𝑖𝑖𝑖𝑒𝑒 , 𝑄𝑄𝑖𝑖+1,𝑖𝑖
𝑔𝑔  and 𝑄𝑄𝑖𝑖+1,𝑖𝑖𝑒𝑒  and 
𝑄𝑄𝑖𝑖+2,𝑖𝑖
𝑔𝑔  and 𝑄𝑄𝑖𝑖+2,𝑖𝑖𝑒𝑒 . This includes the limitations of other 
resources relevant to programming and optimization of 
plans. With expiry of the period of higher level plan 
corrections (Tk)v reprogramming has to be carried out for 
three plans for the next three parts of a quarter 𝑅𝑅𝑖𝑖+1, 
𝑅𝑅𝑖𝑖+2 and 𝑅𝑅𝑖𝑖+3  with corrected limits of demand (𝑄𝑄𝑖𝑖+1,𝑖𝑖
𝑔𝑔 )' 
and (𝑄𝑄𝑖𝑖+1,𝑖𝑖𝑒𝑒 )', (𝑄𝑄𝑖𝑖+2,𝑖𝑖
𝑔𝑔 )' and (𝑄𝑄𝑖𝑖+2,𝑖𝑖𝑒𝑒 )' and (𝑄𝑄𝑖𝑖+3,𝑖𝑖
𝑔𝑔 )' and 
(𝑄𝑄𝑖𝑖+3,𝑖𝑖𝑒𝑒 )'. 
Correction of these limits should be made according 
to expected additional orders received in the previous 
periods 𝑄𝑄𝑄𝑄𝑖𝑖𝑖𝑖 , 𝑄𝑄𝑄𝑄𝑖𝑖−1,𝑖𝑖 etc., and in accordance with other 
available resources.  
The selected planning period can be treated again 
from the moment of decision-making, or the solution to 
change the current plan can be determined by 




Figure 2 Schematic presentation of the dynamizing programming model 
 
If the correction of the operational plan 𝑂𝑂𝑈𝑈𝑖𝑖  is done 
with expiry of a period of correction (Tk)o, then by 
simulation it will be determined which part of the 
unexpected additional orders 𝑄𝑄𝑄𝑄𝑖𝑖𝑖𝑖 could be realized in the 
current operating period, and thereby the corrected 
operational plan is obtained (𝑂𝑂𝑈𝑈𝑖𝑖)’. 
In case of new optimization of plans for any 
significant changes or disorders for selected period 
through dynamizing programming it can significantly 
impede the realization of the production and cause 
additional costs and activities, particularly in the process 
of planning and control. Therefore is indicated the need 
AREA OF POSSIBLE SOLUTIONS 
 
     𝐒𝐒start       𝐒𝐒start  
       o 
      𝐬𝐬10      𝐬𝐬20 
           𝐒𝐒(1) 
                 o       
       𝐬𝐬1
(1)              𝐬𝐬2
(1) 
           𝐒𝐒(2) 
       o         
      𝐬𝐬1
(2)  .    𝐬𝐬2
(2)   . 
     .      . 
     .      𝐒𝐒(n−1) 
          o        
 
           𝐒𝐒end  
                 o 
       𝐬𝐬1
(n)              𝐬𝐬2
(n) 
 







 𝑄𝑄𝑄𝑄𝑖𝑖−1,𝑖𝑖  𝑄𝑄𝑄𝑄𝑖𝑖𝑖𝑖  𝑈𝑈𝑖𝑖  𝑄𝑄𝑄𝑄𝑖𝑖+1,𝑖𝑖  𝑈𝑈𝑖𝑖+1 𝑄𝑄𝑄𝑄𝑖𝑖+2,𝑖𝑖  𝑈𝑈𝑖𝑖+2 
 
 𝑄𝑄𝑖𝑖+1,𝑖𝑖𝑄𝑄  
 𝑄𝑄𝑖𝑖𝑖𝑖𝑄𝑄  𝑄𝑄𝑖𝑖+2,𝑖𝑖𝑄𝑄  
 𝑄𝑄𝑄𝑄𝑖𝑖𝑖𝑖  𝑂𝑂𝑈𝑈𝑖𝑖  
 






 (Tk)v 𝑈𝑈𝑖𝑖+1 𝑈𝑈𝑖𝑖+2 𝑈𝑈𝑖𝑖+3 
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for selection and forming of a model that may be 
applicable in a number of types and conditions of 
production [13]. 
Such a model of corrective optimization, by which 
the plans could be corrected with the application of 
simulation and the flexible process of planning and 
control, is called discrete corrective dynamizing 
optimization. 
However, before designing a model of discrete 
corrective dynamizing optimization, it is necessary to 
establish criteria and standards for determining the 
optimal correction of plans. 
The correction that is selected as the most favourable, 
optimal correction of an operational plan is the one at 
which the biggest difference in revenue and profit 
increase will be achieved in relation to the additional 
costs of planning and control, as follows according to Eq. 
(8): 
 
𝐸𝐸𝐼𝐼 = 𝐼𝐼𝑈𝑈𝑈𝑈⎯𝑈𝑈𝑃𝑃                                      (8) 
 
where: 𝐸𝐸𝐼𝐼- correction plan efficiency; 𝑈𝑈𝑃𝑃- changes of 
costs; 𝐼𝐼𝑈𝑈𝑈𝑈- index of revenue change IP and profit change 
IF, according to Eq. (9) 
 
𝐼𝐼𝑈𝑈𝑈𝑈 = 𝐼𝐼𝑈𝑈 · 𝐼𝐼𝑃𝑃                                      (9) 
 
The change of costs PT should be taken in the scale 
of decimal expression of the percentage of the cost 
change in relation to the costs in the existing plan. The 
revenue change IP and profit change IF, as well as the 
product of their multiplication according to Eq. (9) are 
expressed as an index, i.e. as a decimal expression of 
percentage of change increased by 1, and thus it is always 
valid that IPP>PT, for the ease of operation. 
Changes and disorders are collected and processed in 
each period of adjustment (Tk)i of the basic plan and its 
checks and corrections are done properly, for each period 
of correction. 
For this purpose, among all realistically possible 
variants the method of simulation should be used in order 
to choose solution of plan correction in which the 
efficiency of correction EK is maximal. 
As the variants for the correction of starting basic 
plan only those are taken that can be implemented in the 
period of following corrected basic plan. 
 
5     Mathematical basis of adaptability 
 
In the application of mathematical methods and 
optimization techniques reality always more or less 
adjusts itself to the mathematical model. Therefore, a case 
might occur, as shown in Fig. 3, that the set representing 
optimal possibilities–solutions 𝑆𝑆𝑜𝑜 not only contains 
elements from a set of possibilities 𝑆𝑆𝑖𝑖, but also parts 
outside of this set, that is, there is a discrepancy between 
the optimal elements determined by mathematical 
programming and real quantity of the elements of 
optimization. 
Therefore, the practice shows that e.g. there is a 
deficit of certain product in an optimal production 
program for some period, and on the other hand, a surplus 
of some products in relation to the real demand. This 
leads to situations where the production system either 
cannot deliver a certain quantity of products which are 
realistically in demand (poor advertising), or there is a 
surplus of products which are not currently in demand and 
consequently are placed on the market with poorer 
financial results. These deviations are not in large 
percentages nor are they of great value, but they are 
sufficient for a business system to suffer a direct or 
indirect damage. Its checks and corrections are done 
properly, for each period of correction. 
For this purpose, among all realistically possible 
variants the method of simulation should be used in order 
to choose solution of plan correction in which the 
efficiency of correction EK is maximal. As the variants 
for the correction of basic plan starting, only those are 
taken that can be implemented in the period of the 
following corrected basic plan.  
 It can be said that the set of realistic solutions 𝑆𝑆𝑠𝑠is an  
intersection  of   sets  𝑆𝑆𝑖𝑖  and  𝑆𝑆𝑜𝑜,  as  shown  in  the Eq. 
(10),  that  the   set of  deviation-error 𝑆𝑆𝑒𝑒 is a difference 
between the set of optimal solutions 𝑆𝑆𝑜𝑜 and a set of 
realistic solutions  𝑆𝑆𝑠𝑠 , as defined in Eq. (11) 
 
 
Figure 3 Presentation of mathematical optimization using sets 
 
𝑆𝑆𝑠𝑠  = 𝑆𝑆𝑖𝑖 ∩ 𝑆𝑆𝑜𝑜 = {x ∈ 𝑆𝑆𝑖𝑖| x ∈ 𝑆𝑆𝑖𝑖& x ∈ 𝑆𝑆𝑜𝑜}                  (10) 
𝑆𝑆𝑒𝑒 = 𝑆𝑆𝑜𝑜 \𝑆𝑆𝑠𝑠 = {x ∈ 𝑆𝑆𝑜𝑜| x ∈ 𝑆𝑆𝑜𝑜& x ∉ 𝑆𝑆𝑠𝑠}                   (11) 
 
In case of discrete corrective dynamizing 
optimization, whose flow is shown in Fig. 4, for the 
selected planning period 𝑡𝑡𝑖𝑖, the changes 𝑆𝑆𝑝𝑝 occurring in 
the environment and the system during the treated 
planning period are also taken into account, for each time 
period of correction 𝑡𝑡𝑖𝑖. The same changes are taken into 
account when optimizing a customized plan for a certain 
planning period, and the correction of the optimal plan 𝑆𝑆𝑜𝑜𝑗𝑗  
is made as well as its transformation into a customized 
plan 𝑆𝑆𝑜𝑜𝑗𝑗
1 . 
Additionally, between sets and subsets of 
opportunities and solutions there are relations specified in 
Eqs. (12), (13) and (14), as follows: 
  
  𝐒𝐒𝐢𝐢              𝐒𝐒𝐢𝐢 - a set of solutions 
 
             𝐒𝐒𝐨𝐨             𝐒𝐒𝐨𝐨 - a set of optimal solutions 
        𝐒𝐒𝐫𝐫   𝐒𝐒𝐝𝐝 
                𝐒𝐒𝐫𝐫 - a set of realistic solutions 
 
                𝐒𝐒𝐝𝐝 - a set of deviations (errors) 
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1 + 𝑆𝑆𝑜𝑜𝑖𝑖+3                                   (13) 
𝑆𝑆𝑜𝑜𝑖𝑖+1
1 = 𝑆𝑆𝑜𝑜𝑖𝑖+1 ± 𝑆𝑆𝑖𝑖𝑖𝑖+1; 𝑆𝑆𝑜𝑜𝑖𝑖+2
1 = 𝑆𝑆𝑜𝑜𝑖𝑖+2 ± 𝑆𝑆𝑖𝑖𝑖𝑖+2                     (14) 
 
This means that the corrected, adapted optimal plan 
𝑆𝑆𝑜𝑜𝑗𝑗
1  for the treated planning period after the expiry of the 
first period of correction ti will be, according to the Eq. 
(13), composed of previously defined, and now 
customized parts 𝑆𝑆𝑜𝑜𝑖𝑖+1
1  and 𝑆𝑆𝑜𝑜𝑖𝑖+2
1  and this new part 𝑆𝑆𝑜𝑜𝑖𝑖+3 . 
 
 
Figure 4 Presentation of the progress of discrete corrective dynamizing optimization 
 
According to the Eq. (14), corrected and adapted 
parts of the new optimal plan 𝑆𝑆𝑜𝑜𝑖𝑖+1
1  and 𝑆𝑆𝑜𝑜𝑖𝑖+2
1  are the sets 
which contain parts from previously optimized 
sets 𝑆𝑆𝑜𝑜𝑖𝑖+1and 𝑆𝑆𝑜𝑜𝑖𝑖+2 , as well as those parts from the sets 
containing changes Spi+1 and Spi+2 , which now represent 
the sets of corrections 𝑆𝑆𝑖𝑖𝑖𝑖+1 and 𝑆𝑆𝑖𝑖𝑖𝑖+2. 
If the stated mode is displayed by means of sets in 
the example for the part of the optimal solution for the 
planning period, as seen in Figure 5, it can be concluded 
that the corrected optimal plan 𝑆𝑆𝑜𝑜𝑖𝑖+1
1  is a union of 
subset 𝑈𝑈𝑆𝑆𝑜𝑜𝑖𝑖+1 , as a larger part of the previous optimal 
plan 𝑆𝑆𝑜𝑜𝑖𝑖+1 , and a part of the set containing changes 𝑆𝑆𝑝𝑝𝑖𝑖+1  
which is called a subset of a set of changes 𝑈𝑈𝑆𝑆𝑝𝑝𝑖𝑖+1 ,or a 
set of corrections 𝑆𝑆𝑖𝑖𝑖𝑖+1, shown in the Eq. (17). 
This means that each element x in the corrected part 
of the optimal plan set 𝑆𝑆𝑜𝑜𝑖𝑖+1
1  is contained either in the 
subset of the part of previously optimized plan 𝑈𝑈𝑆𝑆𝑜𝑜𝑖𝑖+1  or 
in a subset of a set of changes 𝑈𝑈𝑆𝑆𝑝𝑝𝑖𝑖+1 . 
 
𝑆𝑆𝑜𝑜𝑖𝑖+1
1 = 𝑈𝑈𝑆𝑆𝑜𝑜𝑖𝑖+1 ∪ 𝑈𝑈𝑆𝑆𝑖𝑖𝑖𝑖+1  
 ={x∈ 𝑆𝑆𝑜𝑜𝑖𝑖+1
1 |x ∈ 𝑈𝑈𝑆𝑆𝑜𝑜𝑖𝑖+1 ∨x ∈ 𝑈𝑈𝑆𝑆𝑖𝑖𝑖𝑖+1}           (15)
 
 
Figure 5 Graphic presentation of settings of corrective optimization  using sets 
 
 
According to the Eq. (16), this means that for the 
difference of set𝑆𝑆𝑜𝑜𝑖𝑖+1
1  and subset 𝑈𝑈𝑆𝑆𝑜𝑜𝑖𝑖+1it can be said that 
each element x in the corrected part of the optimal plan 
set 𝑆𝑆𝑜𝑜𝑖𝑖+1
1  is contained in that set, and at the same time it is 
not contained in subset 𝑈𝑈𝑆𝑆𝑜𝑜𝑖𝑖+1. 
 
𝑆𝑆𝑜𝑜𝑖𝑖+1
1 \𝑆𝑆𝑜𝑜𝑖𝑖+1= {x∈ 𝑆𝑆𝑜𝑜𝑖𝑖+1
1 | x ∈ 𝑆𝑆𝑜𝑜𝑖𝑖+1
1 & x ∉ 𝑆𝑆𝑜𝑜𝑖𝑖+1}           (16) 
 
from which it can be concluded that this difference 
consists of elements from the subset of a set of 
changes𝑈𝑈𝑆𝑆𝑝𝑝𝑖𝑖+1, as a set of corrections 𝑆𝑆𝑖𝑖𝑖𝑖+1, in accordance 
with the Eq. (17), 
 
𝑆𝑆𝑜𝑜𝑖𝑖+1
1 \𝑈𝑈𝑆𝑆𝑜𝑜𝑖𝑖+1= {x∈ 𝑈𝑈𝑆𝑆𝑝𝑝𝑖𝑖+1} = { x ∈ 𝑆𝑆𝑖𝑖𝑖𝑖+1}                  (17) 
In other words, a set of corrected optimal plan 𝑆𝑆𝑜𝑜𝑖𝑖+1
1  
now includes more realistic elements of solution x as the 
union of a subset 𝑈𝑈𝑆𝑆𝑜𝑜𝑖𝑖+1  and a subset 𝑈𝑈𝑆𝑆𝑝𝑝𝑖𝑖+1 . Then, a 
subset 𝑈𝑈𝑆𝑆𝑜𝑜𝑖𝑖+1contains a part of the solutions from a set 
𝑆𝑆𝑜𝑜𝑖𝑖+1  which is corrected with a part of solutions from a 
subset 𝑈𝑈𝑆𝑆𝑝𝑝𝑖𝑖+1  according to the selected criteria of 
optimization. Therefore it can be said that the discrete 
corrective dynamizing optimization will significantly 
affect the success and flexibility of a production system 
and business operations in conditions of dynamic changes 
in the environment and the production system itself, 
particularly in relation to already known mathematical 
optimization methods. 
 
6 Application of adaptable planning 
 
As the example of discrete corrective dynamizing 
optimization can be used the case when the basic plan is 
 
     tj 
 
  𝐒𝐒𝐢𝐢 ± 𝐒𝐒𝐩𝐩𝐢𝐢         𝐒𝐒𝐢𝐢+𝟏𝟏 ± 𝐒𝐒𝐩𝐩𝐢𝐢+𝟏𝟏             𝐒𝐒𝐢𝐢+𝟐𝟐 ± 𝐒𝐒𝐩𝐩𝐢𝐢+𝟐𝟐    𝐒𝐒𝐢𝐢+𝟑𝟑 ± 𝐒𝐒𝐩𝐩𝐢𝐢+𝟑𝟑                (environment)   t 
 
        ti   ti+1     ti+2         ti+3 
       
         𝐒𝐒𝐨𝐨𝐢𝐢   𝐒𝐒𝐨𝐨𝐢𝐢+𝟏𝟏      𝐒𝐒𝐨𝐨𝐢𝐢+𝟐𝟐         𝐒𝐒𝐨𝐨𝐣𝐣- optimal plan for 
                       planning period 
              𝐒𝐒𝐨𝐨𝐣𝐣
𝟏𝟏 - 1. adjustment of the 
     𝐒𝐒𝐨𝐨𝐢𝐢+𝟏𝟏
𝟏𝟏   𝐒𝐒𝐨𝐨𝐢𝐢+𝟐𝟐
𝟏𝟏        𝐒𝐒𝐨𝐨𝐢𝐢+𝟑𝟑                       plan for the planning 
                     period 
               
 
         𝐒𝐒𝐢𝐢+𝟏𝟏  - a set of solutions 
 𝐒𝐒𝐢𝐢+𝟏𝟏   𝐏𝐏𝐒𝐒𝐨𝐨𝐢𝐢+𝟏𝟏  𝐒𝐒𝐩𝐩𝐢𝐢+𝟏𝟏   𝐒𝐒𝐩𝐩𝐢𝐢+𝟏𝟏  - a set of changes 
         
         𝐒𝐒𝐨𝐨𝐢𝐢+𝟏𝟏 - an initial optimal plan 
          
  𝐒𝐒𝐨𝐨𝐢𝐢+𝟏𝟏
𝟏𝟏         𝐒𝐒𝐨𝐨𝐢𝐢+𝟏𝟏
𝟏𝟏  - corrected optimal plan 
          
                   𝐏𝐏𝐒𝐒𝐨𝐨𝐢𝐢+𝟏𝟏 - a subset of initial optimal plan 
        
         𝐏𝐏𝐒𝐒𝐩𝐩𝐢𝐢+𝟏𝟏- a subset of a set of changes 
  𝐒𝐒𝐨𝐨𝐢𝐢+𝟏𝟏       𝐏𝐏𝐒𝐒𝐩𝐩𝐢𝐢+𝟏𝟏(𝐒𝐒𝐤𝐤𝐢𝐢+𝟏𝟏)  (a set of plan corrections 𝐒𝐒𝐤𝐤𝐢𝐢+𝟏𝟏) 
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made for a period of one month, with a week as a period 
of correction of the basic plan, while the first higher plan 
is a quarterly plan with a period of correction of one 
month. It is always a starting basic plan which is the first 
part of the current quarterly plan, whether the plan is a 
starting one or a corrected one, and it is always 
determined by the dynamizing programming while the 
correction of the basic plan is carried out by applying the 
methods and techniques of simulation. 
For the selected example of a discrete corrective 
dynamizing optimization there are 4 general groups of 
changes that may occur during the period of correcting 
the basic plan, which can act positively or negatively as 
follows: 
a) large number of major changes 
b) large number of minor changes 
c) small number of major changes 
d) small number of minor changes. 
 
It is necessary to take all these into account because 
those types of changes cannot always be treated in the 
same way and they must be, considering their size and 
character, sorted according to the period in which they 
may be included in the treatment. Thus, some may or 
must be treated already in the first following correction of 
the basic plan seeking an optimal solution for the 
corrected basic plan through simulation, while some will 
be treated only at the correction of the first higher plan. 
For each set of changes Pij which appears in the 
shortest period of correction Tk, it is first necessary to 
select the character of each received information about the 
change. The information character will be positive in case 
of demand for products and negative in case of disruption 
in the supply of raw materials, use of energy or reduced 
capacity due to failure or problems with subcontractors. 
If the information on the change has a negative 
character, it will be taken into treatment at the first 
following correction of the current plan, and if its 
character is positive, the information will be classified 
within the corresponding period of the basic plan – for a 
period of one month. The actuality of positive information 
is determined by the required, anticipated deadline for its 
realization. 
Flexibility of the production system in relation to 
changes in the system itself and its surroundings is always 
partial, more or less, because of the numerous restrictions 
and inertia found in the production system. However, it 
can be safely claimed that by applying discrete corrective 
dynamizing optimization, plans at all levels will become 
more objective and closer to reality than with any other 
model of optimization in the process of production 
planning and control. 
It is also clear that the production system cannot 
respond to every change, but it can be concluded from the 
above mentioned that the use of discrete corrective 
dynamizing optimization enables the system to adapt to 
dynamic changes more reliably than it is the case with the 
hitherto known methods and optimization models. 
During the corrective optimization of the previously 
optimized plan it is necessary to decide on the correction 
plan refinement, that is, in which percentage the existing 
individual items of the plan should be corrected, in order 
to obtain solutions of which the optimal one is to be 
chosen. This should be decided in the following manner: 
a) If the difference on data about the upper 𝑄𝑄𝑖𝑖𝑖𝑖
𝑔𝑔  and 
lower 𝑄𝑄𝑖𝑖𝑖𝑖𝑒𝑒  limit of the expected demand is relatively 
large and the number and amount of expected 𝑄𝑄𝑄𝑄𝑖𝑖𝑖𝑖  
and unexpected 𝑄𝑄𝑄𝑄𝑖𝑖𝑖𝑖  additional orders small, it is 
necessary to take a larger percentage of the 
corrections regarding the current size of the plan, for 
example 10÷20 %, and so a smaller set of potential 
solutions will be formed. 
b) If the difference on data about the upper 𝑄𝑄𝑖𝑖𝑖𝑖
𝑔𝑔  and 
lower 𝑄𝑄𝑖𝑖𝑖𝑖𝑒𝑒  limit of the expected demand is relatively 
small and the number and amount of expected 𝑄𝑄𝑄𝑄𝑖𝑖𝑖𝑖  
and unexpected 𝑄𝑄𝑄𝑄𝑖𝑖𝑖𝑖  additional orders large, it is 
necessary to take a smaller percentage of the 
corrections regarding the current size of the plan, for 
example 2÷5 %, and so a smaller set of potential 
solutions will be formed. 
 
This is only logical, because if some more precise 
initial data and information on the expected and 
unexpected additional orders are available, correction 
plans with greater correction precision will have to be 
done, and vice versa. In any case, it will depend on the 
production system and its environment, in accordance 
with the objectives of the production system. 
 
7  Testing of the model of corrective optimization 
 
 For the testing of the method of discrete corrective 
dynamizing optimization the data from practical example 
of production of dishes were taken. These data cover 
several groups of products for the period of the first 6 
characteristic months of the year. Testing was done in a 
way that the results of the production plans optimization 
were compared with the really achieved results for the 
selected practical example. For comparison with these 
results, the following models of production plans 
optimization were selected:  
A - Linear programming  
B - Dynamizing programming  
C - Linear  programming with corrective  optimization by 
simulation 
D - Discrete corrective dynamizing programming. 
 
When applying linear programming by simplex 
method, as model A, for the upper and lower limits of 
product demand, the data about the dissipation of 
realization on the market were taken, thus as the upper 
limit for each considered month the maximum achieved 
realization of each product was taken, and as the lower 
limit the lowest achieved realization of that product in the 
month was taken. 
Simplified model of dynamizing programming, as 
model B, was made in such a way that a part of the 
expected additional orders, as an expression of changes in 
the environment, was included in determination of the 
upper and lower limits of product demand in each month. 
In this way, a part of the orders which are received in the 
current month for the first part of the current month were 
included, while the additional orders for the deliveries in 
the second part of the current month were excluded from 
the treatment. By generating the part of additional orders, 
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the correction of the upper and lower limits of product 
demand was made for some 25 ÷ 50 % of the total share 
of additional orders for each product in each month and 
then linear programming by simplex method was applied 
in these new conditions. 
As the third, C model for testing, the simplified 
model of linear programming with corrective optimization 
by simulation was taken. According to this model, the 
initial optimal plan is modified on the basis of the changes 
– additional, that is, unexpected orders during the current 
month using the method of simulation. In this model the 
initial plan is the solution obtained by the above listed A 
model of linear programming using the simplex method, 
while the corrections of the current plan were made for all 
extra orders that had to be realized during the current 
operational plan. 
Discrete corrective dynamizing programming, as 
model D, was also somewhat simplified for this testing in 
a way that a part of the additional orders was included 
into the current operational plan based on the application 
of flexible planning (by periodic repetition), while the 
other part, approximately similar to the total share of 
additional orders for each product in each month, that is, 
unexpected additional orders, was the basis for the 
correction of the current plan using the method of 
simulation. In its essence, it was a combination of 
dynamizing programming (B model for testing) and 
corrective optimization using the method of simulation. 
 For testing the selected models in relation to the 
results from the practical example the criterion of 
adaptibility PG was used according to Eq. (18) 
 
PG = Σ∆Qi/p                                         (18)  
 
where:  Σ∆Qi – difference between planned and realized  
quantities in the decimal expression of percentage; p – 
number of treated product groups where the adaptibility 
function Φ = Φ(PGmin). 
 Correction of the operational plans in the tested 
models C and D was made according to the possible, most 
favourable solutions using the criterion of the smallest 
profit rate loss GP according to Eq. (19)  
 
GP =  (1 − ∆PF)                             (19) 
  
Several case variants in the environment were tested 
by varying the values of the following parameters: X – 
degree of uncertainty-risk in the environment; Y – share 
of additional orders; Z – share of emergency orders. 
 Combinations-variants of cases for testing were 
obtained by combining the starting and multiplied values 
of additional 𝑄𝑄𝑄𝑄𝑖𝑖𝑖𝑖  and emergency 𝑄𝑄𝑄𝑄𝑖𝑖𝑖𝑖  orders, where: 
Y1=𝑄𝑄𝑄𝑄𝑖𝑖1, Y2=2𝑄𝑄𝑄𝑄𝑖𝑖1, Y3=3𝑄𝑄𝑄𝑄𝑖𝑖1, Y4=4𝑄𝑄𝑄𝑄𝑖𝑖1, and also 
Z1=𝑄𝑄𝑄𝑄𝑖𝑖1, Z2=2𝑄𝑄𝑄𝑄𝑖𝑖1, Z3=3𝑄𝑄𝑄𝑄𝑖𝑖1, Z4=4𝑄𝑄𝑄𝑄𝑖𝑖1.  In this way, 
10 variants-cases were obtained and were tested for each 
optimization model. 
 Difference in the results obtained by different 
optimization models can be seen in the way that the 
results obtained in the production plans for each running 
of the program with a different variant are compared with 
the actual realization from the practical example, as 
shown in Tab. 1. 
  
Table 1 Optimization model test results for the example of dishes 
production 
Test variants Deviation in quantity (%) Model A Model B Model C Model D 
01.  X0Y1Z1 7,69 4,82 6,86 4,32 
02.  X2Y2Z1 9,37 4,40 8,57 3,95 
03.  X3Y1Z2 10,18 6,97 8,54 6,21 
04.  X4Y2Z2 11,00 4,58 9,50 4,24 
05.  X4Y3Z1 11,00 5,62 9,46 4,77 
06.  X4Y1Z3 11,00 8,20 9,16 7,34 
07.  X5Y3Z3 11,81 6,56 10,21 5,94 
08.  X5Y4Z2 11,81 6,21 11,19 5,94 
09.  X6Y2Z4 12,63 9,43 11,83 8,69 
10.  X8Y4Z4 14,25 7,97 12,84 7,46 
 
The minimal difference in the obtained profit rate can 
be determined with corrective optimization models (B, C 
and D) in relation to the initial linear programming model 
(A). This difference was in the range of only 1 to 2 % of 
the realized nominal profit and it is inevitable if we want 
to use the flexible model of production planning. This, 
however, proves at the same time that with corrective, 
adaptable optimization it is possible to achieve a 
satisfactory optimum of production, with maximal 
adjustment to changes and disturbances in the 
environment. 
It can also be concluded that this model of flexible 
operational production planning and control, as well as 
the other optimization models in conditions of 
uncertainty-change, will not always ensure solutions with 
the 100 % maximum results according to the selected 
criteria. Nevertheless, it will certainly enable the 
production system to adjust itself to changes and objective 
situations with the least deviation from the initial 
solutions, i.e. from maximally possible results, in a better 
and easier way than in the case when known similar 
models are applied. 
 
8  Conclusion 
 
Based on the model of flexible planning and 
production control a model of corrective dynamizing 
optimization of production plans is made. By applying a 
linear programming with the periodic alignment in the 
process of flexible planning and control the dynamic 
programming of production is obtained and is relatively 
easy to be applied in every production. The model in a 
very simple manner and with a high level of 
successfulness enables the adaptability and flexibility of 
the production system in the conditions of uncertainty and 
change.  
The models of simulation for the correction of basic 
optimized operational plans may be different, and mainly 
depend on the character of production and the mode of 
production – Make-To-Stock, Make-To-Order, combined, 
individual, etc., and can provide results from a set of 
optimal solutions. 
Namely, with mathematical optimization, a system is 
given of m equations and n unknowns, 
 
∑ 𝛼𝛼𝑖𝑖𝑖𝑖𝑒𝑒𝑖𝑖=1 𝜉𝜉𝑖𝑖 = 𝛽𝛽𝑖𝑖 (i =1,..., m)                                 (20) 
 
where 𝛼𝛼𝑖𝑖𝑖𝑖, 𝜉𝜉𝑖𝑖 and 𝛽𝛽𝑖𝑖, as the parameters of the production 
are constants and real numbers, and the linear form 
 
f(x) = ∑ 𝛾𝛾𝑖𝑖𝑒𝑒𝑖𝑖=1 𝜉𝜉𝑖𝑖                             (21) 
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should find the vector x = 𝜉𝜉1, . . . . ., 𝜉𝜉𝑖𝑖) ≥ 0 which makes 
the linear form f (x) maximum and satisfies the system of 
equations 𝑨𝑨𝑨𝑨 = 𝒃𝒃 so each vector 𝑨𝑨𝒐𝒐 that meets these 
criteria is the optimal solution. 
 According to obtained results it can therefore be said 
that corrective optimization has negligible deviation from 
the functions of the maximum and thus the obtained 
solution can be considered as an element of the set of all 
possible solutions 𝑨𝑨𝑨𝑨 = 𝒃𝒃, x ≥ 0. 
Corrective optimization by applying method of 
simulation is performed according to criteria in the 
expression 𝐸𝐸𝐼𝐼 = 𝐼𝐼𝑈𝑈𝑈𝑈⎯𝑈𝑈𝑃𝑃 (8). In this way the 
significance of the activities of all the treated processes is 
included – production, procurement, sales and operational 
planning and production control. So, this criterion finds 
not only an optimal solution but also optimality, 
adaptability and flexibility of the production system. 
According to the results of research and testing of the 
models of discrete corrective dynamizing optimization it 
is estimated that the best results will be shown in cases of 
combined production of Make-To-Stock and Make-To-
Order and serial production of Make-To-Order. 
In the production of Make-To-Stock and by applying 
linear programming, flexible planning and control, 
through the means of market research, continuously and 
approximately corrects upper 𝑄𝑄𝑖𝑖𝑖𝑖
𝑔𝑔  and lower 𝑄𝑄𝑖𝑖𝑖𝑖𝑒𝑒  limits of 
the expected demand based on the estimated amount of 
change in demand 𝑄𝑄𝑄𝑄𝑖𝑖𝑖𝑖 . In case of combined production 
of Make-To-Stock and Make-To-Order, initial basic plans 
and their corrections are done more accurately. The initial 
basic plans determined by linear programming are 
actually twice adjusted and corrected – by flexible 
planning and control the upper 𝑄𝑄𝑖𝑖𝑖𝑖
𝑔𝑔  and lower 𝑄𝑄𝑖𝑖𝑖𝑖𝑒𝑒  limits of 
the expected demand are continuously corrected and 
adjusted on the basis of previously collected expected 
additional orders 𝑄𝑄𝑄𝑄𝑖𝑖𝑖𝑖 . Based on the number of 
extraordinary, unexpected additional orders 𝑄𝑄𝑄𝑄𝑖𝑖𝑖𝑖  through 
methods of simulation and the selected criteria, the 
correction of the current operational plan of production is 
being done, i.e., the initial planned amount of product 
quantities 𝑄𝑄𝑖𝑖𝑖𝑖
𝑝𝑝  are corrected to the amount of (𝑄𝑄𝑖𝑖𝑖𝑖
𝑝𝑝 )'. This 
helps to achieve production plans with higher level of 
accuracy, along with higher level of system adaptability 
to change. 
The review of models of production planning in an 
uncertain environment in last 30 years shows substantial 
progress in this period [14]. All types of models are 
discussed and simulation models too, and which 
emphasize the need for further development of simulation 
models for conditions of uncertainty. 
But, the main prerequisite for success is the use of 
models and tools which, through simulation, show the 
results of the decisions beforehand [15]. Particular 
emphasis is put on the notion that in the contemporary 
turbulent environment the goal is not to optimize the 
condition of the enterprise/profit or profit rate, but to 
maximize flexibility and adaptability as indicators of its 
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